Abstract. We describe the construction of vector valued modular forms transforming under a given congruence representation of the modular group SL(2, Z) in terms of theta series. We apply this general setup to obtain closed and easily computable formulas for conformal characters of rational models of W-algebras.
Introduction
Once a rational model of a W-algebra is constructed or its existence is conjectured the next natural step is to compute explicitly its conformal characters. This is interesting for giving further evidence to the existence of the rational model in question, if its existence is not sure, and it is interesting in that conformal characters are usually surprisingly distinguished modular functions which are often related to a priori purely number theoretical objects like generalized Rogers-Ramanujan identities or dilogarithm identities.
However, in general it is quite difficult to construct conformal characters directly from physical information about the W-algebra; even the direct computation of their first few Fourier coefficients affords considerable computer power.
In [E-S] we took a different point of view in order to determine conformal characters amongst all possible modular functions.
We formulated a list of certain axioms which hold true for all known sets of conformal characters of rational models of W-algebras. The only data from an underlying rational model which occur in these axioms are respectively its central charge and its conformal dimensions. We showed that, for several rational models, these axioms uniquely determine the conformal characters belonging to a given list of central charge and conformal dimensions.
Thus, once the central charge and conformal dimensions of a rational model are known, the computation of its conformal characters can be viewed as a problem which is completely independent from the theory of W-algebras, i.e., for this computation one is left with a construction problem, namely, the problem of finding, by whatever means, a set of functions fulfilling the indicated list of axioms.
The purpose of the present note is to describe such a mean which can solve in many cases this construction problem. In particular, we shall apply our method to the case of five special rational models. The reason for the choice of these models is that the representation theory of the SL(2, Z)-representation on their conformal characters can be treated homogeneously in some generality, and that the conformal characters of one of these models (of type W(2, 8) with central charge c = − 3164 23 ) could not be computed by the so far known methods.
This note is organized as follows: In section 2 we give a short description of the five special models. We recall the axiomatic description of conformal characters, and, in particular, we recall the results obtained in [E-S] which concern the five special models . In Section 3 we describe a general procedure for the construction of vector valued modular forms transforming under a given matrix representation of SL(2, Z). As already mentioned, this procedure is thought to be useful in general for finding explicit and easily computable formulas for conformal characters. In section 4 we apply the general setup of the preceding section to the case of the five special models, and we derive explicit formulas for their conformal characters. Finally, in §5 we compare our results with those formulas for the conformal characters of the five models which can be obtained (assuming certain conjectures) from the representation theory of Casimir-W-algebras.
Notation.
We use H for the complex upper half plane, τ as a variable in H,
, Γ for the group SL(2, Z), and
for the principal congruence subgroup of SL(2, Z) of level n. We use η for the Dedekind eta function η(τ ) = e πiτ /12
The group Γ acts on H by
For a complex vector valued function F (τ ) on H, and for an integer k we use F | k A for the function defined by
Finally, for a matrix representation ρ: Γ − → GL(n, C) and an integer k we use M k (ρ) for the vector space of all holomorphic maps F : H → C n (= column vectors) which satisfy F | k A = ρ(A)F for all A ∈ Γ, and which are bounded in any region Im(τ ) ≥ r > 0. Thus, if ρ is the trivial representation, then M k (ρ) is the space of ordinary modular forms on Γ and of weight k.
2. An axiomatic characterization of the conformal characters of five special rational models
In this section we recall some results on the conformal characters of 5 rational models, which were, among others, considered in [E-S] . The types, the central charges, the sets of conformal dimensions H c , and the effective central chargec = c − 24 min H c of these models are listed in Table 1 ; for a more detailed description the reader is referred to loc. cit.. Denote by χ c,h (h ∈ H c ) the conformal characters of the rational model with central charge c, where we choose the notation such that 1 23 {0, 54, 67, 81, 91, 94, 98, 103, 111, 112, 116, 118, 119, 120, 122, 124, 125, 129, 130, 131, 132, 133} Fix now one of the central charges c of Table 1 . Suppose that we are given functions ξ c,h (h ∈ H c ), defined on the upper half plane H, which satisfy the following list of properties:
Properties of conformal characters.
(1) The functions ξ c,h are nonzero modular functions for some congruence subgroup of Γ = SL(2, Z) without poles in the upper half plane. (2) The space of functions spanned by the ξ c,h (h ∈ H c ) is invariant under Γ with respect to the action (A, ξ) → ξ(Aτ ). It was shown in [E-S] that the functions ξ c,h are uniquely determined by these five properties, up to multiplication by scalars. Very likely the conformal characters χ c,h satisfy the properties (1) to (5) if we view them as functions of τ by setting q = exp(2πiτ ) (for a detailed discussion of this conjecture cf. loc. cit.). Thus, assuming this conjecture for a moment, we conclude that, for any set of functions ξ c,h as above, we have χ c,h = const. · ξ c,h .
As already explained the main purpose of this paper is the explicit construction of functions ξ c,h satisfying (1) to (5). To this end we have to recall more precisely what we showed in [E-S].
Denote by ξ c the column vector whose entries are the ξ c,h ordered in some way. Let l be the denominator of c, let k be the integer associated to c by Table 2 , and let ρ l be the Γ-representation defined by
As we shall see in a moment the a priori two different representations with l = 5 are in fact equivalent; so for notational convenience we denote them by the same symbols. We showed in [E-S; cf. §4.4] that properties (1) to (5) imply
Theorem (Characterization of ρ l ). The representation ρ l is irreducible, its kernel contains Γ(l), and it takes its values in GL(l − 1, Q(e 2πi/l )).
Consulting any table of irreducible representations of Γ/Γ(l) ≈ SL(2, Z/lZ) one verifies that the three properties listed in the Theorem uniquely determine ρ l up to equivalence. We shall give an explicit description of ρ l in § 4.
From property (3) we have η 2k ξ c = O(q δ ) for q → 0, where δ = −c + k/12, and, in particular, that η 2k ξ c is an element of M k (ρ l ). The dimensions of these spaces can be computed using the dimension formula in [E-S] . The resulting dimensions and the values of δ are listed in Table 2 .
Let M
In [E-S] it was shown that this subspace is one-dimensional, which, by obvious arguments, implies that ξ c is unique up to multiplication by diagonal matrices (actually, it was shown in loc. cit. that
However, this latter space is obviously isomorphic to M (δ) k (ρ l ) via multiplication by η 2k−2h ). Table 2 : Certain data related to the five rational models
is Z-bilinear, and by non-degenerate we mean that for each x = 0 there exists a y such that B(x, y) = 0. We shall call such a pair (M, Q) a quadratic module. The Weil representation ω = ω (M,Q) associated to M and Q is a projective rightrepresentation of Γ on the space C M of complex-valued functions f defined on M . The operators corresponding under ω to the generators S and T of Γ are given by
Here, for any integer a we use
Moreover, here and in the following, for any x ∈ Q/Z, we shall write e(x) for e 2πir , where r is any representative of x. The reader is referred to [N] for more details on Weil representations (To translate our terminology to the one in [N] note that
is the Weil (left-)representation associated to the quadratic module (M, −Q) as in [N] .)
Denote by l the level of Q, i.e. the smallest positive integer such that lQ(M ) = 0. Using that Q is non-degenerate it is easy to show that |γ(a)| = |M | 1/2 for any integer relatively prime to l. Moreover, γ(a) is obviously an element of K = Q(e 2πi/l ). We identify (Z/lZ) * with the Galois group G of K in the usual way such that a ∈ (Z/lZ) * corresponds to the Galois substitution σ a which is given by e(1/l) σ a = e(a/l). For a ∈ G set co(a) = γ(a)/γ(1), and denote by µ 8 the group of eights roots of unity. Then it is easy to show that a → co(a) defines a co-cycle of G with values in µ 8 , i.e. co(a) is a eights root of unity and one has
To verify this note that γ(a) = γ(1) σ a , from which the co-cycle relation is obvious. Moreover, this identity (together with |γ(a)| = |M | 1/2 ) implies |co(a) σ | = 1 for all σ ∈ G, i.e. that co(a) is a root of unity, say co(a) = e(r/l). Since co(a) is obviously invariant under G 2 we find that r(b 2 − 1), for any b relatively prime to l, is divisible by l, which is only possible if l/(l, r) divides 8, i.e. if co(a) ∈ µ 8 .
The Weil representation ω is a true representation, i.e. not only a projective one, if and only if the co-cycle co is a character [N, Satz 1] . If this is the case we call ω a proper Weil representation. From the discussion above it is clear that co is a character if and only if co takes values in {±1}. Moreover, if ω is proper, then its kernel contains Γ(l) [N, Satz 2] .
One now has the following theorem.
Theorem [N-W] . Each irreducible right-representation of Γ whose kernel contains a principal congruence subgroup is isomorphic to a subrepresentation of a suitable proper Weil representation.
We call two quadratic modules (M, Q) and (
and we denote such an isomorphism by π:
It is easy to show that isomorphic quadratic modules yield isomorphic Weil representations: an isomorphism of (projective or proper) Γ-representations is given by the map
As the next step for constructing elements of spaces M k (ρ) we connect Weil representations and theta series by lifting quadratic modules to lattices and quadratic forms on them.
More precisely, let (M, Q) be a quadratic module. Assume that L is a complete lattice in some rational finite-dimensional vector space V and Q a positive definite non-degenerate quadratic form on V which takes on integral values on L, and such that there exists an isomorphism of quadratic modules
Here we use L ♯ for the dual lattice of L with respect to Q, i.e. L ♯ is the set of all y ∈ V such that B(L, y) ⊂ Z} with B(x, y) = Q(x + y) − Q(x) − Q(y), and we use Q for the induced quadratic form
We shall call such a pair (L, Q) a lift of the quadratic module (M, Q). Let p a homogeneous spherical polynomial on V with respect to Q of degree ν, i.e. if we choose a basis b j of V , then p ( b j ξ j ) becomes a complex homogeneous polynomial in the variables ξ j of degree ν satisfying
Here we view π * f as function on function on L ♯ which is periodic with period lattice L.
We assume that V has even dimension 2r. Then the Weil representation ω = ω (M,Q) is proper as follows from the discussion of the co-cycle co(a) above and Milgram's theorem which implies that co(a) is ±1 (cf. Appendix below). One has Theorem (Representation by theta series). The map C M ∋ f → θ f has the property θ f | r+ν A = θ f |ω(A) for all A ∈ Γ, i.e. it defines a homomorphism of Γ-modules. This is, in various different formulations, a well-known theorem. For the reader's convenience we shall sketch the proof in the appendix below.
Let now ρ: Γ − → GL(n, C) be a congruence matrix representation, and assume that we have determined a quadratic module (M, Q) such that the associated Weil representation is proper and contains a subrepresentation which is isomorphic to the (right-)representation C n × Γ ∋ (z, A) → zρ(A) ′ , where the prime denotes transposition. The existence of such a (M, Q) is guaranteed by the first theorem. Thus, there exists a Γ-invariant subspace of C M with basis f j such that
where Φ denotes the column vector build from the f j . Assume furthermore that there exists a lift (L, Q) of (M, Q), i.e. an isomorphism
with a lattice L of even rank 2r. Let p be a homogeneous spherical polynomial w.r.t. Q of degree ν. From the last theorem it is then clear that we have the following Theorem (Realization by theta series). The function
is an element of M r+ν (ρ).
Appendix. We proof the theorem on representation by theta series. It is consequence of the following Lemma (Basic Transformation formula). Let L be a lattice in a rational vector space V of dimension 2r, let Q be a positive definite quadratic form on V which takes on integral values on L, let L ♯ and B be defined as above, let w ∈ V ⊗ C with Q(w) = 0, let ν a non-negative integer, and let z ∈ V . Then one has
where τ is a variable in the complex upper half plane.
The lemma is a well-known consequence of the Poisson summation formula; for a proof cf. [Sch, p. 206] . (For verifying that our formula is equivalent to the one given loc. cit. identify L with Z 2r by choosing a Z-basis b j of L, and note that then
is the Gram matrix of L. Moreover, the transformation formula loc. cit. is only stated for τ = it (t real); the general formula follows by analytic continuation.)
Proof of the theorem on representation by theta series. Since any homogeneous spherical polynomial of degree ν can be written as linear combination of the special ones B(x, w) ν (where w ∈ C, Q(w) = 0) we can assume that p is of this special form. Since S and T generate Γ it suffices to prove the asserted formula for these elements. For A = T the formula is obvious. For proving the case A = S let in the basic transformation formula z be an element of L ♯ , multiply by f (z) and sum over a set of representatives z for L ♯ /L. Using
we realize the claimed formula.
Theta series associated to quaternion algebras and the conformal characters of the five special model
We now follow the procedure outlined in the foregoing section to construct elements of M k (ρ l ) where l denotes an odd prime l ≡ −1 mod 3 and ρ l is the matrix representation introduced in §2.
We first describe how to obtain ρ l from a proper Weil representation. Let ω be the Weil representation associated to the quadratic module (F(l 2 ), n(x)/l). Here F(l 2 ) is the field with l 2 elements, and n(x) = x · x with x → x = x l denoting the non-trivial automorphism of F(l 2 ). Note that tr(xy)/l where tr(x) = x + x is the bilinear form associated to n(x)/l. The Weil representation ω associated is thus a (right-)representation of Γ on the space of functions f : F(l 2 ) − → C, and it is given by
e(− tr(xy)/l) f (y).
Here we used
as follows for instance from Milgram's theorem and the considerations below where we shall obtain F(l 2 ) = L ♯ /L with a lattice of rank 4. Note that this identity implies in particular that ω is a proper representation (cf. the discussion in the preceding section).
Let χ be one of the two characters of order 3 of the multiplicative group of nonzero elements in F(l 2 ), and let G be the subgroup of elements with n(x) = 1. Note that the existence of χ follows from the assumption l ≡ −1 mod 3. Let X(χ) be the subspace of all φ ∈ X which satisfy φ(gx) = χ(g)φ(x) for all g ∈ G. It is easily checked that X(χ) is a Γ-submodule of X. In fact, it is even an irreducible one [N-W, Satz 2]. As basis for X(χ) we may pick the functions χ r (1 ≤ r ≤ l − 1) which are defined by χ r (x) = χ(x) if n(x) = r and χ r (x) = 0 otherwise. Let Φ χ be the complex column vector valued function on F(l 2 ) whose r-th component equals χ r . We then have Φ χ |A = ρ(A)Φ χ with a unique matrix representation ρ: Γ → GL(l − 1, C). It is an easy exercise to verify the identities
where we use λ(r) = −1 l x∈F(l 2 ) n(x)=r χ(x) e(tr(x)/l).
(In the identity n(x) = r the r has to be viewed as an element of F(l 2 ).) Note that λ(r) does not depend on the choice of χ, as is easily deduced by replacing in its defining sum x by x and by using χ(x) = χ(x) and tr(x) = tr(x). The independence of the choice of χ implies that λ(r), for any r, is contained in the field of l-th roots of unities (actually, λ(r) is even real as follows from the easily proved facts that ρ(S) is unitary, symmetric and satisfies ρ(S) 2 = 1.) Thus ρ satisfies the properties listen in the Theorem characterizing ρ l in § 2, and hence is equivalent to ρ l . Indeed, by permuting the components of the vector valued function ξ c occurring in the definition of ρ l and by multiplying by a suitable diagonal matrix we can even assume that ρ = ρ l .
We now set Φ = Φ χ + Φ χ . The independence of the matrices ρ(A) (A ∈ Γ) of the choice of χ then implies that the subspace spanned by the components of Φ is invariant under Γ, and that Φ|ω(A) = ρ l (A)Φ for all A ∈ Γ. It is easily verified that for all x ∈ F(l 2 ) one has
where r runs from 1 to l − 1. Next we describe lifts of (F(l 2 ), n(x)/l). Let V be the quaternion algebra over Q ramified at l and ∞. If we set K = Q( √ −l) then V can be described as V = K+Ku, where u 2 = −1/3 and αu = uα for all α ∈ K. The map c = α + βu → c := α − uβ defines an anti-involution of V . The reduced norm n(c) and reduced trace tr(c) of a c ∈ V are given by
Let o be the ring of integers in K. Note that the rational prime 3 splits in K since l ≡ −1 mod 3. i.e. 3 = pp with a prime ideal p in K. (Indeed, one can take
It can be easily checked that O is an order in V (i.e. a subring which, viewed as Zmodule, is free of rank 4). In fact, O is even a maximal order since the determinant of the Gram matrix (tr(e j e k )), for any Z-basis e j of O, equals l 2 (cf. [V, Chap. III, Corollaire 5.3] .).
We now have Here, for convenience, we use the same symbols n(x)/nl for the quadratic form on I as well as for the quadratic form induced by it on I/ √ −lI. The Lemma follows easily from standard facts in the theory of quaternion algebras; for the reader's convenience we sketch the proof in the Appendix to this section.
The Lemma provides us with lifts (I, n(x)/nl) of (F(l 2 ), n(x)/l), and we now can write down explicitly elements of M k (ρ l ).
To this end let Φ:
l−1 be defined as above. Let I be an O-left ideal, choose c 0 as in the Lemma, and let
Finally, let p be a homogeneous spherical polynomial function on V . If we write polynomial functions on V as polynomials p in α, α, β, β, then it is spherical of degree ν (with respect to any nonzero multiple of n(c)) if and only if p is homogeneous of degree ν and satisfies
We suppress the dependence of this function on c 0 since a different choice results only in multiplying θ(τ ; I, p) by a scalar. By the Theorem on Realization by theta series we then have
It is easy to compute these functions with aid of a computer. In fact, by a computer calculation we found Theorem. Let l, k be as in Table 2 (in § 2). Then the space M k (ρ l ) is spanned by the series θ(τ ; I, p), where I = O for l = 17, and I = O, Op for l = 17, and where p runs through the homogeneous polynomial functions on the quaternion algebra V of degree k − 2 which are spherical with respect to the quadratic form n(c).
It is an open question whether the spaces M k (ρ l ), for arbitrary k or primes l (≡ −1 mod l), are always spanned by theta series of the form θ(τ ; I, p), or, more generally, which spaces M k (ρ) of vector valued modular forms at all can be generated by theta series.
As explained in section 2 we are especially interested in the one-dimensional subspace M Table 2 . Here we have Theorem (Theta formulas for conformal characters). (1) Let c, l, k and δ be as in Table 2 (in § 2), and let I = O for l = 17 and I = Op for l = 17. Then there exists a homogeneous spherical polynomial function p of degree k − 2 such that the θ(τ ; I, p) is nonzero and satisfies θ(τ ; I, p) = O(q δ ). (2) Moreover, for any p with this property, there exists a nonzero constant κ such that the components of the Fourier coefficients of κθ(τ ; I, p) are rational integers. In particular, the components of κη(τ ) −2k θ(τ ; I, p) satisfy the properties of conformal characters (1) to (5) k (ρ l ) contains nonzero elements. For the latter cf. the discussion in § 2; of course, it can also be checked by a straight forward calculation using the θ(τ ;
(2) Because of the latter it is clear then that, for proving the second statement of the theorem, it suffices to prove that, for at least one p satisfying the condition θ(τ ; I, p) = O(q δ ), the function θ(τ ; I, p) has rational Fourier coefficients. For proving this let P ν (F ) be the set of spherical homogeneous functions p on V of degree ν which are defined over the subfield F ⊂ C. By the latter we mean that the coefficients of p(c), when written as polynomial in the coefficients of c with respect to a fixed basis of V , are in F . Note that this property does not depend on the choice of the Q-basis of V . Since P ν (F ) is the kernel of a differential operator which has constant rational coefficients, when written with respect to any Q-basis of V , it is clear that P ν (C) = P ν (Q) ⊗ C, i.e. we can find a basis of P ν (C) which is contained in P ν (Q). But then we deduce, using the preceding theorem, that M k (ρ l ) has a basis θ j (1 ≤ j ≤ d) whose Fourier coefficients a θ j (r) (r = 1, 2, . . . ) are elements of Q l−1 . For deducing this note that θ(τ ; I, p) for p ∈ P ν (Q) has rational Fourier coefficients since Φ(x) is rational. The elements of M (δ) k (ρ l ) are now the linear combinations j c j θ j such that j c j a θ j (r) = 0 for all 1 ≤ r < lδ. Since the latter system of linear equations is defined over Q and has a nonzero solution by part (1) we conclude the existence of rational nonzero solution, i.e. the existence of a linear combination of the θ j with Fourier coefficients in Q.
If we pick a p as described in the theorem, and if we denote by ξ c,h the r-th component of η −2k θ(τ ; I, p), where
mod Z then it is clear that these functions satisfy properties (1) to (5) of § 2 (after multiplied by a constant, if necessary). Hence, by the uniqueness result cited in section 1, they are up to a constant the conformal characters of the W-algebras introduced in the same section. In fact, the ξ c,h (l = 5) have interesting product expansions, which we shall discuss elsewhere; from these product expansions it can immediately read off that they can be normalized such that their Fourier coefficients are even non-negative integers, as its should be for conformal characters.
Appendix.
Proof of the Lemma. (1) Let l ≡ −1 mod 4. For c = α + uβ ∈ V we have
Thus the left hand side is in Z if and only if each of the two terms on the right are in Z. The latter is easily checked to be equivalent to α ∈ o and β ∈ p, i.e. to c ∈ O. The case l ≡ 1 mod 4 can be treated similarly, and is left to the reader. It is clear that O/ √ −lO is a ring of characteristic l with l 2 elements. Hence it is isomorphic to a ring extension of F(l) = Z/lZ with l 2 elements. Moreover, it contains a root of X 2 + 3, namely 3u + √ −lO. Since −3 is not a quadratic residue modulo l the polynomial X 2 + 3 is irreducible over F(l), hence O/ √ −lO is a field. The anti-involution c → c induces an automorphism of the field O/ √ −lO which is nontrivial since it maps u to −u, and which hence is the Frobenius automorphism.
(2) If I is an O-left ideal then I * = I · O * / n(I), where, for any left ideal I, we use I * = {c ∈ V | tr(Ic) ∈ Z} (We were not able to find a reference for this basic formula: it can easily be proved using adelic methods. However, we shall need it only for I = O or I = Op (cf. the two theorems of the preceding section), and here it can be easily verified by direct computation. We omit the details for the general case.) Thus we find tr( √ −lIc)/ n(I)l ∈ Z if and only if c ∈ I · O * √ −l. Using O * = O/ √ −l, as follows from part (1), we find that the latter statement is indeed equivalent to c ∈ I.
Left-multiplication in the quaternion algebra induces on I/ √ −lI a structure of a one-dimensional O/ √ −lO-vector space. Let c 0 + √ −lI be a basis element. Clearly n(c 0 )/ n(I) is not divisible by l since otherwise n(c)/ n(I) would be divisible by l for any c ∈ I contradicting the definition of n(I) as g.c.d. of all n(c) (c ∈ I). Thus we can choose a λ ∈ O with n(λ) n(c 0 )/ n(I) mod l. Replacing c 0 by λc 0 it is then clear that c → cc 0 induces the claimed isomorphism.
Comparison to formulas derivable from the representation theory of Kac-Moody and Casimir W-algebra
In this section we compare our explicit formulas for the conformal characters with the ones obtained from the representation theory of Casimir W-algebras [F-K-W], the Virasoro algebra [R-C] and Kac-Moody algebras [K] .
The last three rational models in Table 2 are minimal models of so-called Casimir-W-algebras. For this kind of algebras the minimal models have been determined (assuming a certain conjecture) in [F- K-W] . The representation theory of the two composite rational models (W G 2 (2, 1 14 ) and W F 4 (2, 1 26 )) is well-known [R-C,K]. In order to give the explicit formulas for the conformal characters of the minimal models of the Casimir-W-algebras, the Virasoro algebra and Kac-Moody algebras we have to fix some notation first.
Let K be a simple complex Lie algebra of rank l and dimension n, h (ȟ) its (dual) Coxeter number, ρ (ρ) the sum of its (dual) fundamental weights, W the Weyl group and Λ (Λ) the (dual) weight lattice of K. For λ ∈ Λ let π λ denote the highest weight representation with highest weight λ.
Firstly, consider the case of the three rational models of the Casimir-W-algebras. Formulas for the central charge, the conformal dimensions and the conformal characters of rational models of Casimir W-algebras have been derived assuming a certain conjecture [F-K-W, p. 320]:
where p, q are coprime integers satisfyingȟ ≤ p, h ≤ q and where λ ∈ Λ andν ∈Λ are so-called dominant integral weights (the abstract form of the finitely many λ, ν is described in [F-K-W]; their explicit form can e.g. be found in Appendix D of [B-E-H 3 ] ). Using these formulas for B 2 with c(p, q) = c(11, 6) = − 444 11
and for G 2 with c(p, q) = c(17, 12) = − 1420 17 for W(2, 4) and W(2, 6), respectively, one obtains the conformal characters given in the last section (as can be checked by simply comparing enough Fourier coefficients). The last rational model, of type W(2, 8), is a rational model of WE 7 with c(p, q) = c(18, 23). However, in this case the above formula for the corresponding conformal characters contains a sum over a rank 7 lattice (the dual weight lattice) and a sum over the Weyl group of E 7 which has order 2.903.040. Therefore, this formula is of no practical use for explicit calculations in this case. However, our formula in the foregoing section involves only a sum over a rank 4 lattice which is easy to implement on a computer.
Secondly, consider the rational models W G 2 (2, 1 14 ) and W F 4 (2, 1 26 ). These rational models are "tensor products" of the Virasoro minimal model with c = − (1 − q n ) −1 .
The characters of rational models associated to the level 1 Kac-Moody algebras are well known from the Kac-Weyl formula [K, p. 173 ]. The rational model associated to the level k Kac-Moody algebra of K has the following central charge and conformal dimensions
where ψ is the highest root of K. The corresponding characters read χ K,λ (q) = η(q) −n q n−c K (k) 24 t∈Λ dim(π ρ+λ+(ȟ+k)t )q (ρ+λ+(ȟ+k)t) 2 −ρ 2 2(ȟ+k)
.
The two conformal characters associated to the level 1 Kac-Moody algebras of G 2 and F 4 are given by:
where h = h
= 2/5 or 3/5 and λ 1 is the fundamental weight of G 2 or F 4 with dim(π λ ) = 7 or 26, respectively.
Using these formulas one obtains exactly the four conformal characters of the models W G 2 (2, 1 14 ) and W F 4 (2, 1 26 ):
with K = G 2 , F 4 and h = 2/5, 3/5 respectively. The product formulas for the Virasoro characters and the formula for the conformal characters associated to the Kac-Moody algebras show that the Fourier coefficients of the two rational models are positive integers. Indeed, as one can show by comparing enough Fourier coefficients, these conformal characters are equal to the ones computed in the last section.
